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ON ELKIES’ METHOD FOR BOUNDING THE
TRANSITIVITY DEGREE OF GALOIS GROUPS
DOMINIK BARTH AND ANDREAS WENZ
Abstract. In 2013 Elkies described a method for bounding the transi-
tivity degree of Galois groups. Our goal is to give additional applications
of this technique, in particular verifying that the Galois group of the de-
gree 276 polynomial over a degree 12 number field computed by Monien
is isomorphic to the sporadic Conway group Co3.
1. Preliminaries
For a fixed number field K let p and q be coprime polynomials in K[X].
Our goal is to find the arithmetic Galois group of the degree n polynomial
p(X)− tq(X) ∈ K(t)[X], that is
A := Gal(p(X)− tq(X) | K(t)).
Let N be the splitting field of p(X) − tq(X) over K(t) and L := K¯ ∩ N
be the algebraic closure of K in N . Then, the geometric Galois group of
p(X) − tq(X) is given by G := Gal(p(X) − tq(X) | L(t)). It is well known
that G is normal in A.
In order to study A and G, we will reduce the above polynomials modulo
a suitable prime: The ring of integers of K will be denoted by OK . For a
fixed prime ideal p in OK we write pp and qp for the reduction of p and q
modulo p. Accordingly, the arithmetic and geometric Galois group of the
reduced polynomial are defined in the same way: Ap := Gal(pp(X)−tqp(X) |
(OK/p)(t)) and Gp := Gal(pp(X)− tqp(X) | Lp(t)) where Lp := OK/p ∩Np
with Np being the splitting field of pp(X)− tqp(X). Again, Gp is normal in
Ap.
2. A method by Elkies
The following technique described by Elkies (see [3]) bounds the transi-
tivity degree of Gp:
Assume, Gp is k-transitive and Ap = Gp . Let C0 and C1 be the projective
t- and x-lines over the finite field Fλ ∼= OK/p. By introducing the relation
pp(x)− tqp(x) = 0 we obtain a cover C1/C0 ramified over exactly m points
with ramification structure (s1, ..., sm) ∈ (Sn)m. Its Galois closure will be
denoted by C˜.
Let (Gp)k be the stabilizer of a k-element set in Gp and Ck := C˜/(Gp)k.
The corresponding cover Ck/C0 is of degree
(
n
k
)
with ramification structure
(σ1, ..., σm) induced by the natural action of (s1, ..., sm) on k-element subsets.
As Gp acts faithfully on n elements, it can be shown easily that the action
on k-element subsets is also faithful if k 6∈ {0, n}. In particular ord(σi) =
ord(si) for i = 1, . . . ,m. Further note that Ck is an irreducible curve with full
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constant field Fλ (due to Ap = Gp). Therefore, the number of Fλ-rational
points on Ck has to satisfy the Hasse-Weil bound |#Ck(Fλ)− (λ+ 1)| ≤
2g(Ck)
√
λ, in particular
(1) #Ck(Fλ) ≤ λ+ 1 + 2g(Ck)
√
λ.
Here, g(Ck) denotes the genus of Ck. In order to check if Ck is indeed
compatible with the above bound, we need to determine #Ck(Fλ) and g(Ck).
We will use the following notation: For a permutation s ∈ Sn let pik(s)
be the number of invariant k-element subsets of s.
Counting Fλ-rational points on Ck. With finitely many exceptions the
Fλ-rational points on Ck correspond to a degree k factor of a Fλ-specialization
of pp(X)− tqp(X) over Fλ(t).
Fix t0 ∈ P1(Fλ) not contained in the ramification locus S of pp(X) −
tqp(X). The Frobenius permutation on the n roots of the specialization
pp(X) − t0qp(X) will be denoted by Frob(t0). Then, the number of Fλ-
rational points on Ck lying over t0 is given by pik(Frob(t0)), therefore
(2) #Ck(Fλ) ≥
∑
t0∈P1(Fλ)\S
pik(Frob(t0)).
Computing the genus of Ck. Since the cover Ck/C0 has ramification
structure (σ1, .., σm) the Riemann-Hurwitz formula yields
(3) g(Ck) = 1−
(
n
k
)
+
1
2
m∑
i=1
ind(σi)
where ind(σi) :=
(
n
k
)− number of cycles of σi. One can easily deduce
(4) ind(σi) ≤
((
n
k
)
− pik(si)
)(
1− 1
ord(si)
)
.
Note that equality holds if the order of si is prime.
Picking a sufficiently large prime. Contrary to the previous sections we
now assume that Gp is not k-transitive. Let d be the number of orbits of Gp
acting on k-element subsets. We expect
∑
t0∈P1(Fλ)\S pik(Frob(t0)) ≈ dλ for
large λ due to the orbit-counting theorem in combination with Chebotarev’s
density theorem.
By comparing the latter heuristics with the Hasse-Weil bound (1) we get
the approximate estimate dλ ≤ λ + 2g(Ck)
√
λ, which leads to λ ≤ 4g(Ck)2
(d−1)2
in the case d > 1. If we choose λ to be sufficiently greater than 4g(Ck)
2
(d−1)2 , we
are able to distinguish whether Gp is k-transitive.
3. Applications
3.1. The sporadic group Co3. In this section we will refer to the poly-
nomials p(X) := −k3p˜3(X) and q(X) := k2p˜2(X) presented in [5, Proposi-
tion 1] of degree 276. They are contained in K[X] with K := Q(α) where
α12 − 2α11 + 9α10 − 20α9 + 38α8 − 73α7 + 101α6 − 86α5 + 55α4 − 46α3 +
42α2 − 24α+ 6 = 0.
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An easy computation shows that p(X)− tq(X) ∈ K(t)[X] is ramified over
0, 1 and ∞ with ramification structure (392, 739.13, 2132.112).
Theorem. The polynomial p(X)−tq(X) ∈ K(t)[X] defines a regular Galois
extension over K(t) with Galois group isomorphic to the sporadic Conway
group Co3.
Proof. Pick the prime ideal p := (7 · 109 + 1, α + 2 738 443 742) in OK of
norm λ := 7 · 109 + 1. Note that OK/p ∼= Fλ. Because pp(X)qp(t)−pp(t)qp(X)X−t ∈
Fλ(t)[X] is irreducible, Ap must be 2-transitive. Additionally, the discrimi-
nant of pp(X)− tqp(X) ∈ Fλ(t)[X] is a square. Combining both results, we
find Ap ∈ {Co3, A276} by the classification of finite 2-transitive groups. In
both cases we have Gp = Ap because Gp is normal in Ap.
Under the assumption that Gp is 3-transitive we study the curve C3.
Combining (4) and (3) yields g(C3) = 40 782. Now, (2) gives us #C3(Fλ) ≥
13 999 925 705 whereas #C3(Fλ) ≤ 13 824 133 843 by the Hasse-Weil bound
(1). This is a contradiction, thus Gp cannot be 3-transitive. We remain with
Gp = Co3.
Since p is a prime of good reduction for p(X)−tq(X) ∈ K(t)[X], a theorem
of Beckmann, see [4, Proposition 10.9], implies G = Gp = Co3. Since G is
normal in A and NS276(Co3) = Co3 we end up with A = G = Co3. 
The most delicate part in the previous proof is the computation of the
right hand side of (2). In the following we explain in greater detail this time
consuming task (implementation in PARI/GP [6] with a total computing time
of about 8 days using 550 threads simultaneously at the High Performance
Computing Cluster at the University of Wu¨rzburg).
For the sake of simplicity we write f(X) := pp(X) − t0qp(X) for some
t0 6∈ S. In the case k = 3 the following holds: If f(X) ∈ Fλ[X] has exactly
di irreducible factors of degree i for i ∈ {1, 2, 3} then pi3(Frob(t0)) =
(
d1
3
)
+
d1d2 + d3. Note that if a specialization reduces the degree, we have to add
1 to d1.
In order to find d1 we compute p1(X) := gcd(X
λ − X, f(X)). Clearly,
d1 = deg(p1). Since λ is too large for an efficient computation, we replace
Xλ −X with its reduction modulo f(X), which can be determined by the
exponentiation by squaring-method. In the same fashion we find d2 and d3:
For p2(X) := gcd(X
λ2 − X, f(X)p1(X)) and p3(X) := gcd(Xλ
3 − X, f(X)p1(X)p2(X))
we have d2 =
1
2 deg(p2) and d3 =
1
3 deg(p3).
Partial results for the computation of the right hand side of (2) can be
found in the ancillary Magma-readable file.
3.2. The symplectic group PSp6(2). In [1] both authors and Joachim
Ko¨nig computed four-branch-point covers with Galois groupG isomorphic to
the 2-transitive symplectic group PSp6(2). In order to verify G = PSp6(2),
standard techniques yield that G is either PSp6(2) or an alternating group.
In contrast to the arguments given in [1] to rule out the last case we now
apply Elkies’ method to give an alternative proof for G = PSp6(2). Assume,
G is 3-transitive, then for both covers appearing in [1], see Theorem 4.2 and
Theorem 5.2, we get a contradiction by computing #C3(Fλ):
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degree 28 36
cycle structures (26.116, 212.14, 212.14, 74) (312, 212.112, 212.112, 47.2.16)
g(C3) 396 ≤ 1292
λ 700 001 7 000 003
Hasse-Weil bound ≤ 1 362 637 ≤ 13 836 626
#C3(Fλ) ≥ 1 405 359 ≥ 14 032 224
computing time ≈ 3 minutes ≈ 55 minutes
In the accompanying file we provide a program written in Magma [2] to illus-
trate the computation of #C3(Fλ) for both PSp6(2)-covers.
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